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Systems with internal moves

Labelled transition system with 7-label

Put ¥, = ¥ + {r}. LTS with -label:

X = P(T, x X) 2 P(E x X + X)
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Systems with internal moves

Labelled transition system with 7-label
Put ¥, = ¥ + {7}. LTS with 7-label:

X = P(T, x X) 2 P(E x X + X)

Definition (one of the variants)

Weak bisimulation on o : X — P(X, x X) =
strong bisimulation on «o*

Here,
a / T* a T* / . .
X Dax X <= X —4 0 —q 0 —>4 X for visible a € ¥,

T / T* /
X —ax X < X —rq X.
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Systems with internal moves

Non-deterministic automata with e-moves

e-NA's coalgebraically:

a: X =>PEXxX+1D)EPEXX+1+X)

Weak trace semantics: tr,, : X — P(X*):

w € tro(x) <= w =¢ and x is final or
w=ar...a,and x(5)0 B o) ... (5)% B o(S)*X

with x’ final.
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Systems with internal moves

And many more...

@ Segala systems,
o fully probabilistic systems,
° ...
Coalgebras with internal moves
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Systems with internal moves

And many more...

@ Segala systems,
o fully probabilistic systems,
° ...

Coalgebras with internal moves
X = T(FX + X)
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Systems with internal moves

Where the problem starts

Weak trace semantics is simple to handle:
@ consider a system with internal moves X — T(FX + X),
@ treat it as if it had only visible labels X — TF'X for
F'X=FX+X,
© find the standard trace semantics morphisms for

all-visible-steps TF’-coalgebra and remove all occurrences of
e-label from it.
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Systems with internal moves

Where the problem starts

Weak trace semantics is simple to handle:
@ consider a system with internal moves X — T(FX + X),
@ treat it as if it had only visible labels X — TF'X for
F'X=FX+X,
© find the standard trace semantics morphisms for

all-visible-steps TF’-coalgebra and remove all occurrences of
e-label from it.

Problems

@ How to deal with weak bisimulation?

@ What are structural properties of systems with internal moves?
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Systems with internal moves

Hiding internal moves inside a monadic structure

Put F, = F +Zd and consider the functor

T(F +1Id) = TF;

Strategy 1

If I(T) admits zero morphisms (i.e. 0-f = g-0=10) and
F : C — Clifts to K/(T) then we may impose a monadic structure
on TF;.
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Systems with internal moves

Strategy 1: example

Put T="P and F; = X, x Zd. The LTS functor P(X, x Zd)
carries a monadic structure whose composition in the Kleisli
category is given as follows. For f : X — P(¥X,; x Y) and
g:Y—>PE,xZ)wehave g -f: X = P(X; x Z):

gf(x)={(0,2)) | x Zry Bgzorx D¢y S,z for somey € Y}.

X
\a\ X \visible
2 y

o y o

X X

| |

| |

| \

| \

| |

\1'/ T “V g visible
V4 V4 V4
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Systems with internal moves

Hiding internal moves inside a monadic structure

Strategy 2

If F admits all free algebras and lifts to /C/(T) then we may embed
the functor TF; into the monad TF*.
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Systems with internal moves

Strategy 2: example 1

Let T=P and F =¥ x Id:
X = P(Z; x X)

Tomasz Brengos Coalgebras with internal moves 10/2:



Systems with internal moves

Strategy 2: example 1

Let T="Pand F =¥ x Zd:
X = P(Z; x X)
X = P(Z* x X)

Tomasz Brengos Coalgebras with internal moves 10/2:



Systems with internal moves

Strategy 2: example 1

Let T=Pand F =% x 1d:

X = P(X. x X)

X = P(Z* x X)
The composition - in IC/(P(X* x Zd)) is given by the following
formula. For f : X - P(X* x Y)and g: Y — P(X* x Z) we
have g - : X — P(X* x Z):

gf(x)={(s1%2,2) | x Zry B, zforsome y € Y and 51,5 € ¥*}.

X
|
|
|
5152 |
|
| 5
A
z
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Systems with internal moves

Strategy 2: example 2

Let T=Pand F=%X x7Zd+1:
X = P x X+1)
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Systems with internal moves

Strategy 2: example 2

Let T=Pand F=%X x7Zd+1:

X = P(Te x X +1)
XS P(E x X+17)
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Systems with internal moves

Strategy 2: example 2

Let T=Pand F=%X x7Zd+1:

X = P(Te x X +1)
XS P(E x X+17)

Forf : X ->P(X*xY+X*)andg:Y = P(X*xZ+X*) we
have g - f: X — P(T* x Z + T*);

g f(x) ={(s15,2) | x B¢y B34 z for some y € Y and 51,5 € T*}U

{s15 | x 3¢y and y |4 s for some y € Y}U
{s1|xr s}
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Systems with internal moves

Section summary

Given TF, where T is a monad and F a functor which lifts to
KI(T) we can:

Impose a monadic structure on
TF: (provided that /C/(T) admits
zero morphisms)
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Systems with internal moves

Section summary

Given TF, where T is a monad and F a functor which lifts to
KI(T) we can:

Impose a monadic structure on Embed TF; into the monad TF*
TF. (provided that /(T) admits  (provided that F admits all free
zero morphisms) algebras)

Systems with internal moves
Coalgebras over a monad
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Weak bisimulation
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Weak bisimulation

Saturation for LTS

Weak bisimulation on « is defined as strong bisimulation on a
saturated structure a*.
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Weak bisimulation

Saturation for LTS

Weak bisimulation on « is defined as strong bisimulation on a
saturated structure a*.

For T = P(Z, x Zd) For T = P(T* x Zd)

a¥X=1vVaVva?V... a*=1vava?V...

a* /a* is the reflexive and transitive closure of a w.r.t. the order
on hom-sets and Klesli composition.
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Weak bisimulation

Order saturation monad - definition

A monad T whose Kleisli category is order-enriched is called
ordered x-monad or ordered saturation monad provided that in
ICI(T) for any morphism « : X —o X there is a morphism

*: X —o X satisfying the following conditions:

(a) 1

(b) a < af,

(c) a*-a* < af,

(d) if B: X —o X satisfies 1 <
o < B,

\ 1

,a< fand 8- 8 <S5 then

(e) extra technical condition.
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Weak bisimulation

Weak bisimulation

Let T be an order saturation monad. Intuitively, a saturation (—)*
can be thought of as least fixed point of:

*

o =pux.(1Vx-a)

Definition

A weak bisimulation on « is defined as a strong bisimulation on o*.

This treatment encompasses:
@ various types of LTS with algebraic structure on labels,
o Segala systems (viewed as CM (X, x Zd)-coalgebras),

o ...
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Weak bisimulation

What is done in the paper regarding WB?

Recall that given an LTS o : X — P(X,; x X) we may saturate the
structure in two different ways:

For T = P(, x Zd) For T = P(T* x Zd)

a¥X=1VaVva?Vv... a¥=1vava®V...
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Weak bisimulation

What is done in the paper regarding WB?

Recall that given an LTS o : X — P(X,; x X) we may saturate the
structure in two different ways:

For T = P(Z, x d) For T = P(T* x Zd)
a¥X=1VaVva?Vv... a¥=1vava®V...

However, weak bisimulations for both approaches coincide.
Consider o : X — TF. X

TF, TF*

* E3

« «

We compare strong bisimulations for a* and a*.
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Weak trace semantics
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Weak trace semantics

e-NA trace semantics: top-down approach

The

© 00

classical procedure:
consider X — P(X. x X + 1),
treat all labels as visible labels,

find the standard trace semantics morphisms for
all-visible-steps P(X. x X + 1)-coalgebra [by final semantics
in KI/(P)] and remove all occurrences of e-label from it.
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Weak trace semantics

e-NA trace semantics: bottom-up approach

X —=P(E:. x X+1)
X =P x X+X)
@ the Klesli category for P(X* x X + X*) is Cppo-enriched,

Q forany a: X —o X in KI(P(X* x X +X*)) put trg : X — &
(trg : X = P(X¥)):

tro = ux.x - a.
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Weak trace semantics

Weak trace semantics for coalgebras

Let T be a monad on C. A coalgebraic weak trace semantics is
defined as an operator
tr(_) : Hom,C,(-,-)(X,X) — Hom;C,(-,-)(X,O)
such that:
o tro, =tr, - q,

@ tr,, is uniform.

@ strong bisimilarity implies weak trace semantics,

@ uniqueness of a uniform fixed point operator is directly
connected to the initial algebra = final coalgebra coincidence
in the base category C.
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Summary

Can we compare strong and weak bisimulation together
with trace semantics?

Assume in ICI(T) all suprema exist and the non-empty ones are
preserved by the composition (e.g. in KI(P(X* x Zd + X*)) we
have so). In this case

o =pux.(1Vx-a) tro = px.x - a.

If T is a monad as above then:

strong bisimilarity =—> weak bisimilarity —> weak trace
equivalence.
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Summary

Thank you!
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Summary
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