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What is a context-free tree?

Algebraic Trees of B. Courcelle = all solutions of recursive program schemes

Example. 



variable givens

In general. 

Guardedness:
ti‘s head symbol is from §. 

Theorem.   Every guarded recursive program scheme has a unique solution.

Context-Free (= algebraic) trees: 1) form an iterative algebraic theory.
2) are closed under 2nd-order substitution.

This talk:   Construction of a „context-free“ monad for every endofunctor.
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Background & History

 Infinite Trees & Algebraic Semantics: B. Courcelle (1983), I. Guessarian (1981)

• General Algebra: Signatures, Sets, Trees

 E. Badouel (1989): Infinite Trees form a monad.

Coalgebraic Approach:

 L. Moss: Parametric Corecursion, TCS 2001.

 N. Ghani et al (CMCS 2001), P. Aczel + AV (CMCS 2001)

 P. Aczel + AMV: Infinite Trees a Coalgebraic View (TCS 2003)

 AMV: Iterative Algebras & Rational Trees (CMCS‘04)

 Ghani et al: Solving Algebraic Equations using Coalgebra (TIAA 2003)

 L. Moss & M: The category theoretic solution of recursive program schemes

Here: apply ideas from these.
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Outline

 Infinite Trees Coalgebraically

 Rational Trees Coalgebraically

 Context-Free Trees Coalgebraically
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Infinite Trees Coalgebraically

Assumption.







Theorem.
variables and non-variables separated nicely

unique solutions of 1st-order recursive eqns
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Rational Trees Coalgebraically

Goal:    Abstract description of regular trees.

regular

non-regular

Assumption.

Theorem.

Construction.

finitely
presentable
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Alternative & Examples

Equivalently:

Definition.

Theorem.

Examples.



TU Braunschweig

CMCS, March 26-28, 2010,  p. 8

Recursive Program Schemes

RPS‘s categorically:

guardedness

(§+©)-terms on  Xnatural in X

Assumptions.

Definition.   rps:

Theorem.   Every guarded rps has a unique solution in           .    (based on Ghani et al)

guarded rps



TU Braunschweig

CMCS, March 26-28, 2010,  p. 9

Preliminaries for context free monads

Notation.

objects

morphisms

Theorem.   (Ghani et al)
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Construction of the „context-free“ monad

mono
strong epi

Observation.  C is countably accessible.

forgetful functor

finitely
presentable
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Main results

Theorem.
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Summary

 Context-free trees are precisely the solutions of rps‘s.

 All infinite trees are captured by the free completely iterative monad T.

 All rational trees are captured by the rational monad R.

 Context-free trees are captured by the context-free monad C. 
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Open problems

 Is C an iterative monad in the sense of Calvin Elgot?

 Closedness under 2nd-order substitution?

 Universal property of the context-free monad?

 Further examples.
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