
Many-valued Predicate Liftings

Daniela Petrişan
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Coinductive predicates and relations

3 / 30



Coinductive predicates

Coinduction is crucial for proving infinitary properties and behaviour of systems.
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Show that there is an infinite path starting at state a

The subset of states from which there exists an infinite
path is the largest fixpoint of the monotone map
fwd : PredStates → PredStates

fwd(U ⊆ States)) = {x ∈ States | ∃y ∈ U.x→ y}

We have to show that a ∈ νU.fwd(U).
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Coinductive predicates via functor liftings
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The transition system is modelled as a coalgebra

ξ : States→ P(States)

The predicate transformer fwd is the composite

PredX
P // PredP(X)

ξ∗
// PredX

where

P(U ⊆ States) = {V ∈ P(States) | U ∩ V 6= ∅} ⊆ P(States)

ξ∗(U ⊆ P(States)) = ξ−1(U) ⊆ States

To show that a ∈ ν(ξ∗ ◦ P) it suffices to find an coalgebra for ξ∗ ◦ P containing a.
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Bisimulations and Relation Liftings

Given a functor F and an F -coalgebra ξ : X → FX we can consider the
composite functor

RelX
Rel(F )

// RelFX
ξ∗
// RelX

where Rel(F ) is the canonical relation lifting that maps a relation R ⊆ X2 to the
image of the composite F (R)→ F (X ×X)→ F (X)× F (X).

Hermida-Jacobs bisimulations are coalgebras for the composite ξ∗ ◦ F while the
largest fixpoint gives bisimilarity.
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A fibrational perspective

Pred PredX PredY

Set X Y

p

∐
f

⊥

f∗

f

Pred has objects predicates U ⊆ X. An arrow f : (U ⊆ X)→ (V ⊆ Y ) is a map
f : X → Y such that U ⊆ f−1(V ).

The functor p maps a predicate U ⊆ X to the underlying set X.

f∗ is inverse image and
∐
f is direct image.
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A fibrational perspective

Rel RelX RelY

Set X Y

p

∐
f

⊥

f∗

f

The fibration Rel→ Set is obtained via a change of base situation

Rel

��

ι // Pred

��

Set
X 7→X×X

// Set
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A fibrational perspective

E EX EY

B X Y

p

∐
f

⊥

f∗

f
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Up-To Techniques
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Example: Bisimulation up to equivalence

The red states below are bisimilar. Let’s find a bisimulation containing this pair!

A bisimulation up to equivalence containing the pair of red states.

One can do better! We can find a bisimulation up to equivalence
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Sound up-to techniques

R

B : RelX → RelX

B(R) = {(x, y) | o(x) = o(y) and t(x) R t(y)}

A bisimulation is a relation R such that R ⊆ B(R).

In our example:

× R is not a bisimulation since R 6⊆ B(R), but

X R is a bisimulation up to equivalence closure:
R ⊆ B ◦ Eq(R)
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Sound up-to techniques

R

B : RelX → RelX

B(R) = {(x, y) | o(x) = o(y) and t(x) R t(y)}
A bisimulation is a relation R such that R ⊆ B(R).

In our example:

× R is not a bisimulation since R 6⊆ B(R), but

X R is a bisimulation up to equivalence closure:
R ⊆ B ◦ Eq(R)

A bisimulation up to equivalence closure is contained in a bisimulation, hence up

to equivalence is a sound up-to technique.
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Compatible and sound up-to techniques

When can we safely use an up-to technique? E.g. weak bisimulation up to weak
bisimilarity is not a sound technique.

B,A : RelX → RelX monotone functions

R ⊆ B(R) — bisimulation

R ⊆ BA(R) — bisimulation up to A

If every bisimulation up to A is contained in a bisimulation A is called a
sound up-to technique.

If for all R we have AB(R) ⊆ BA(R) — A is called a compatible up-to
technique.

Compatibility implies soundness.
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Compatible and sound up-to techniques

When can we safely use an up-to technique? E.g. weak bisimulation up to weak
bisimilarity is not a sound technique.

B,A : C → C functors

R→ B(R) — B-invariant

R→ BA(R) — B-invariant up to A

If there is a natural transformation AB ⇒ BA then A is called B-compatible.

If A is B-compatible any B-invariant up to A is contained in a B-invariant.

Typical instantiation of B (given a fibration p : E → B):

EX EFX EX
F ξ∗

where ξ : X → FX is an F -coalgebra and F is a lifting of F .
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Up-to contextual closure and language equivalence of NFAs

Consider an NFA seen as a coalgebra ξ : X → 2× (PωX)A.

The determinization ξ] : PωX → 2× (PωX)A has a bialgebra structure.

PωPωX PωX FPωX

PωFPωX FPωPωX

Pωξ]

µX ξ]

λPωX

FµX
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Up-to context as a composite predicate transformer

Bisimulations for ξ] are coalgebras for the composite

RelPωX
Rel(F )

// RelFPωX
(ξ])∗

// RelPωX

Up-to contextual closure is given by the composite

RelPωX

Rel(Pω)
// RelPωPωX

∐
µX // RelPωX

For ctx =
∐
µX
◦ Rel(Pω) we have

A R B A′ R B′

A ∪B ctx (R) A′ ∪B′
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Up-to techniques — a (bi)fibrational perspective

Ingredients:

p : E → B a bifibration

(X,α, ξ) a bialgebra for a natural transformation λ : TF ⇒ FT

TX X FX

TFX FTX

Tξ

α ξ

λX

Fα

Theorem

Let T , F : E → E be liftings of T and F . If λ : T F ⇒ F T is a natural
transformation sitting above λ, then

∐
α ◦ T is ξ∗ ◦ F -compatible.
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Up-to techniques — our results

a coalgebraic understanding of up-to techniques using bifibrations

an abstract framework for proving soundness of several up-to techniques in a
systematic and compositional way.

Examples and Applications

Up-to techniques for proving
I language inclusion for weighted automata
I language equivalence for nominal automata
I predicates on streams
I divergence of processes

Simulation up to

Weak bisimulation up to

Filippo Bonchi, Daniela Petrisan, Damien Pous, and Jurriaan Rot.
Coinduction up-to in a Fibrational Setting. CSL-LICS 2014.

Filippo Bonchi, Daniela Petrisan, Damien Pous, and Jurriaan Rot. Lax
Bialgebras and Up-to Techniques for Weak Bisimulations. CONCUR 2015.
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Weak bisimulations up-to?

We have considered a lifting Relw(F × F ) of F × F , where F is the usual
LTS functor, such that invariants for the functor

(→,⇒)∗ ◦ Relw(F × F )

are weak bisimulations and the final coalgebra is weak bisimilarity.

Task: prove that up-to context (wrt to all operations except nondeterministic
choice) gives a sound technique for weak bisimilarity of CCS processes
Proof strategy:

X Find a distributive law between the corresponding liftings Σ and Relw(F × F ).

× Apply the general theorem for compatibility of up-to context for (→,⇒).

Ooops!!! Is really (→,⇒) part of a bialgebra? Not really ...
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A lax bialgebra

In fact the weak transition system on CCS processes yields a lax bialgebra, rather
than a bialgebra:

TX
α //

Tξ

��

X
ξ
//

≤

FX

TFX
ρX

// FTX

Fα

OO

This is because in general p|q can make more weak transitions than those
obtained via the rules from the transitions of p and q taken separately.

For example, take p = a.b.0 and q = a.b.0. Then p|q τ⇒ 0, but the pair (τ, 0)
is not contained in Fα ◦ ρX ◦ Tξ.
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The fix: move to an ordered setting
Instead of the usual fibrations of relation or predicates over sets we consider the
fibrations

Pred↑

��

Rel≥

��

Pre Pre

of up-closed predicates, respectively up-closed relations:

x′
R

y′

≤ ≤

x
R

y

Important fact

For these fibrations we have that f ≤ g in Pre implies the existence of a 2-cell
f∗ ⇒ g∗.
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Many-valued predicate liftings

19 / 30



First step: How to lift functors from Set to pseudometric
spaces?

Paolo Baldan, Filippo Bonchi, Henning Kerstan, Barbara König: Behavioral
Metrics via Functor Lifting. FSTTCS 2014.

... gives the Wasserstein lifting of a Set-functor.

F (X, d) = (FX, d↓F )

with
d↓F (t1, t2) = inf{evF ◦ Fd(t) | t is a coupling of t1 and t2}

where evF : F [0,∞]→ [0,∞] is a parameter. In what way is this lifting
canonical?
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Quantales

Definition

A quantale V is a complete lattice equipped with an associative operation

⊗ : V × V → V which is distributive on both sides over arbitrary joins
∨

.

For every y ∈ V the functor −⊗ y has a right adjoint [y,−]:

x⊗ y ≤ z ⇐⇒ x ≤ [y, z]

If ⊗ has an identity element 1 for ⊗ the quantale is called unital.

If x⊗ y = y ⊗ x for every x, y ∈ V the quantale is called commutative.
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Examples of quantales

The Boolean algebra 2 with ⊗ = ∧ is a unital and commutative quantale. The
unit is > and [y, z] = y → z.

The complete lattice [0,∞] ordered by the reversed order of the reals, i.e. ≤=≥R
and with ⊗ = + is a unital commutative quantale. The unit is 0 and for every
y, z ∈ [0,∞] we have [y, z] = z dotminus x.
[0,∞]-enriched categories are generalised metric spaces.

Any complete Boolean algebra with ⊗ = ∧ is a unital commutative quantale with
the unit given by > and the internal hom given by [y, z] = ¬y ∨ z.
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Many-valued predicates

Given a set X and a quantale V, a V-valued predicate on X is a map p : X → V.

Given two V-valued predicates p, q : X → V, we say that

p ≤ q ⇐⇒ ∀x ∈ X. p(x) ≤ q(x).

A morphism between V-valued predicates p : X → V and q : Y → V is a map
f : X → Y such that p ≤ q ◦ f .

V-Pred V-PredX V-PredY

Set X Y

p

∐
f

⊥

f∗

f
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Many-valued relations

A V-valued relation is a map r : X ×X → V. The category V-Rel is obtained via
a change of base situation:

V-Rel

��

ι // V-Pred

��

Set
X 7→X×X

// Set
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Many-valued relations

A small V-category is just a V-valued relation r : X ×X → V which is

‘reflexive’: for all x ∈ X we have r(x, x) ≥ 1.

‘transitive’: for all x, y, z ∈ X we have

r(y, z)⊗ r(x, y) ≤ r(x, y).

V-Cat �
�

// V-Rel

��

ι // V-Pred

��

Set
X 7→X×X

// Set
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Lifting functors to categories of many-valued relations

How do we obtain a lifting of a Set-functor to V-Pred?

How do we obtain in a canonical way from a lifting F̃ of F to V-Pred a
lifting F of F to V-Rel?

When does the lifting F restricts to a lifting on F to V-Cat?

V-Rel V-Pred

Set Set

F F̃

FF

ι

q p

G
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Lifting functors to categories of many-valued predicates

How do we obtain a lifting of a Set-functor to V-Pred?

Fibred functor F̃ that lift the Set functor F to V-Pred are in one-to-one
correspondence with monotone natural transformations

V− ⇒ VF−

By Yoneda Lemma we know that natural transformations as above are in
one-to-one correspondence with maps ev : FV → V. Notice that ev = F̃ (1V).
Conversely, F̃ (p : X → V) = ev ◦ F (p).
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Lifting functors to categories of many-valued relations

How to obtain a lifting of F to V-Rel from a lifting to V-Pred

V-Rel V-Pred

Set Set

F F̃

FF

ι

q p

G

Use the isomorphism ιX : V-RelX → V-PredX2 and the natural transformation
λ : F (X2)→ (FX)2 to obtain the functor

F (R) = ι−1FX
∐
λX
F̃ ιX(R)

which spells out as the Wasserstein lifting:

F (R)(u, v) =
∨
{F̃ (R)(t) | t ∈ F (X2) with Fπ1(t) = u ∧ Fπ2(t) = v}
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Lifting functors to quantale enriched categories

When does the lifting F restricts to V-Cat?

V-Rel V-Pred

Set Set

F F̃

FF

ι

q p

G

Preservation of reflexive relations

Assume F̃ is a lifting of F such that

F̃ (κX) ≥ κFX

Then F preserves reflexive relations.
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Lifting functors to quantale enriched categories

When does the lifting F restricts to V-Cat?

V-Rel V-Pred

Set Set

F F̃

FF

ι

q p

G

Preservation of the triangle inequality

Assume F̃ is a fibred lifting of F such that

F̃ (u⊗ v) ≥ F̃ (u)⊗ F̃ (v)

Then F preserves transitive relations.
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Summary and conclusions

You have seen up-to techniques in a (bi)fibrational setting

and a way to lift functors from Set to V-Cat that generalises the work of
Bonchi et al.

How does this relate to the work of Kurz et al, also presented at CALCO?

Develop up-to techniques for behavioural metrics via this framework
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Thank you for your attention!
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