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Motivation

Kleisli Simulation [hasuo '06] .
coalgebraic notion for checking finite trace inclusion

Goal:

Kleisli simulation works also for infinite trace inclusion

complexity in coalgebraic

Challenge: 1 o racterization of infinite trace
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- Preliminaries: Kleisli Simulation for Finite Trace
- Kleisli Simulation for Infinite Trace

- Conclusion
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Simulation

* used to check language inclusion of transition systems

Lang(Z) C Lang(S)

* Intuitively: step-wise language inclusion

- Soundness: Z L & = Lang(Z) C Lang(S)j
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Fwd. & Bwd. Simulation for
NOn-determIHISth SyStem [Lynch & Vaandrager '95]

- Fwd./ bwd. simulation is a relation R s.i.:

/ ) R o
fwd: 1 i 3}\ HT
. a a a
€L R Yy 45 R Yy
A B A B
R R
R
A" B ALY B

Natsuki Urabe (Tokyo)



Soundness wrt. Finite Trace

- Fwd. & bwd. simulation is sound wrt. finite trace

Finite trace = finite-length, linear-time behavior

Example:

L(A) =
_>©b>y .y i {b,ab,aab,...}
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KIGISI' SImUIatIOn [Hasuo, '06]

Fwd./Bwd. simulation by
Lynch & Vaandrager (1994)

J
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Kleisli simulation by
Hasuo (2006)
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Coalgebraic Representation of System

 Represent a system as a pair of Kleisli arrows

].—S|—) X—Cl—) FX in JIC6(T)
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Coalgebraic Representation of System

 Represent a system as a pair of Kleisli arrows

Initial state transition
Sy

].—S|—) X—Cl—) FX in JIC6(T)

A" - - - monad for branching type

E' - - - functor for transition type
F : Ke(T) — Ke(T)
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Coalgebraic Representation of System

e Various T and F for various systems

Example: 15 Xb FX
Powerset monad

I'=P PX={ACX}
F=1+3x(_)

— Non-deterministic automaton

Subdistribution monad

T'=D DX ={f:X — o, 1]|Zf<:c><1}
F=1+32x ()
— Probabilistic automaton .
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Coalgebraic Finite Trace Semantics

[Hasuo, Jacobs, and Sokolova, '07]

- Finite trace via final coalgebra

 F(r(e)) )final coalgebra

FX | > FA
A A
+c — ——JL—l
tr(c)
X - A
A
KET) 1 /\
tr(c) ®@s:1-» A | 10

gives finite trace semantics



Coalgebraic Simulation: Kleisli Simulation

Forward

FX FY
A A
T %d def
X LF Y @
/\_ %
| 1

Backward

FX FY

A
] def

X ;B } é ;

A
T t

%
j
1

|

[Hasuo, '06]
FX < _FY
ke
a1/, x<—+ 7 vy
N
1
FX % - Fy
e L
1b. x>+ . v

Thm: Kleisli simulation is sound wrt. finite trace ’
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Specialization of Kleisli Simulation

sound wri.
finite trace

sound wri.
finite trace

FX: | Y
4
/ %C = . %d
CR X | Y
L )
Qa 8 = t
1
T Kleisli simulation by
Fwd./Bwd. simulation by Hasuo (2006)
Lynch & Vaandrager (1994)

Systems represented
as a coalgebra

Natsuki Urabe (Tokyo)

system w/ exception
non-det. tree automato

probabilistic automaton
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Specialization of Kleisli Simulation

sound wri.
finite trace

sound wri.
finite trace

Y Fy
y 4
R C %
/ y T v (
A — r
a a o t A E aBX ’
R 1 X - Ma(a) C Mg(a) - X
T y Kleisli simulation by (Va € %) ,
Fwd./Bwd. simulation by __ Hasuo (2006) ) ).m“‘. = ﬁB.
Lynch & Vaandrager (1994) UMaltanx ;l:ulatlon by }
) rabe & Hasuo (2014)

Systems represented
as a coalgebra

probabilistic automaton

1
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Specialization of Kleisli Simulation

sound wri.
finite trace

Fwd./Bwd. simulation by

sound wri.
finite trace

<

g
e i

=~ N + N +3

Kleisli simulation by
Hasuo (2006)

sound wrt.
finite trace

Lynch & Vaandrager (1994)

J
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Systems represented
as a coalgebra

( y4 h
as L aX
X - Ma(a) & Mg(a) - X
(Va € X))
XBaL Bs

Matrix simulation by
Urabe & Hasuo (2014) | J©

probabilistic automaton
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Incompleteness of Simulation

':R, B _R_El /
a af

R
AL g

Soundness % \U/

LA C L(B)
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Incompleteness of Simulation

':R, B _R_El /
a af

R
AL g

Soundness % \U/ ’ﬂ\%{Completeness

LA C L(B)
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Incompleteness of Simulation

Soundness % \U/ E[mx-— Sl TE

A counterexample exists
L(A) C L(B)

Natsuki Urabe (Tokyo) 13



Specialization of Kleisli Simulation

sound

Fwd./Bwd. simulation by

finite (not complete

Lynch & Vaandrager (1994)

J

Natsuki Urabe (Tokyo)

sound wri.
finite trace

Ff oy s_oynd wrt.
- b finite trace
J
| Y o /4 .
C
- )J\t as Ll agX ,
1 X - Ma(a) C Mg(a) - X
Kleisli simulation by (Va € X) ,
Hasuo (2006) XBa L PBs
Matrix simulation by
Urabe & Hasuo (2014) | J*

Systems represented
as a coalgebra

gy :
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Specialization of Kleisli Simulation

sound
finite (not complete

Ff o sound wrt.
7 , - b finite trace
f
:ﬁ | Y AL .
C
a - )J\t as L aX
R 1 X - Ma(a) C Mg(a) - X
T y Kleisli simulation by (Va € X) ,
Fwd./Bwd. simulation by \ 1iasuo (2006) / )_(BA. = .
Lynch & Vaandrager (1994) U“f:gg;'::;igo(gotﬁ) J
!
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Specialization of Kleisli Simulation

sound

finite (not complete

Y F
4
C
/ B ; $d
Cﬁ | Y
-
Qa t
1
R Kleisli simulation by
I Y
Hasuo (2006)

Fwd./Bwd. simulation by
Lynch & Vaandrager (1994)
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Systems represented
as a coalgebra

15 X+o FX

categorical
generalization

as L aX
X - Ma(a) E Mp(a) - X
(Va € X))
XBa L Bn

Matrix simulation by
Urabe & Hasuo (2014) | J©

gy :

speclallze @ let. tree automato

probabilistic automaton
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Forward Partial Execution (FPE)

[Urabe & Hasuo, ’'14]

- Transformation of a coalgebraic system

FX F°X
A A
T€¢ TFc
X |_) FX
A A
S Tc()s
1 1
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Forward Partial Execution (FPE)

[Urabe & Hasuo, ’'14]

- Transformation of a coalgebraic system

FX F°X
A A
1€ TFc
X |_) FX
A A
S Tc()s
1 1

- FPE “increases” Kleisli simulations if applied to proper side

(Wcr B ACs®B)
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Forward Partial Execution (FPE)

[Urabe & Hasuo, ’'14]

- FPE “increases” Kleisli simulations if applied to proper side

FPE(X)Lr Y = X L Y
X Cg FPE(Y) = X LY

Thm(soundness):

l.e. soundness of simulation is preserved

X Lpgp)Y = FPE(X)LCgr )Yy

Thm(adequacy): XCegY = X[Cpgp FPTE(y)

l.e. existing simulation is not destroyed

Natsuki Urabe (Tokyo) 16



Intuition for FPE

Why incomplete? How FPE works?

Game-theoretic characterization gives an intuition

Non-det. automaton Systems represented
a as a coalgebra
Q E >1Y >/

categorical

S c —
generalization 1+ X+ FX | specialize




Game-theoretic Characterization of
Forward Simulation

- Forward simulation as a two-player game

!/ —R—E|

GT R Ty < Simulator wins
AT Yg

s N e

challenger ,T\ ’T\ simulator
A B
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Game-theoretic Characterization of
Forward Simulation

!/ —R—E|

- Forward simulation as a two-player game

GT R Ty < Simulator wins

AT Yg

challenger

Y2
do
0
d B

< Y2 D 6
2 303!

simulator
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Game-theoretic Characterization of
Forward Simulation

- Forward simulation as a two-player game

y
for e e
2
far  Ha, 6
L] y * 4
challenger ,T\ y SImuIator
A

rwins If the simulator cannot move
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Game-theoretic Characterization of
Incompleteness

- Language inclusion as a two-player game

L(A) C L(B) < simulator wins

1 * o Yo *""3

challenger ,T\ ’T\ simulator
A B
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Game-theoretic Characterization of
Incompleteness

- Language inclusion as a two-player game

L(A) C L(B) < simulator wins

T2
fas

L1 *
fao

L0

S|mulator

challenger



Game-theoretic Characterization of
Incompleteness

- Language inclusion as a two-player game

L(A) C L(B) < simulator wins

\/{ \,T( 2n+4
i?n y 2n+3
T2
Aay /T\al
i i
Mo /T\ao
challenger ,T\ SImuIator
A

rwins If the simulator cannot move




Difference

In simulation game, In lang. inclusion game,

S

-
K

% X i%

challenger simulator challenger simulator




Difference

In simulation game, In lang. inclusion game,

o >
(G5, T3 C Y1 =
2= 7
<an—1;

can play seeing the simulator’s move

» easy to win

sy 2 ER

challenger simulator challenger simulator




Game-theoretic Characterization of
Incompleteness

+ Example: ;

AN E/\i
7 o ¥
.} R*% X

B simulator

%

challenger A X

- In language inclusion game:
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- Example: ; v
VAN i/ \i
DNZE B

X t] xﬁg X
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Game-theoretic Characterization of
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+ Example: v
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*
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Game-theoretic Characterization of
Incompleteness

+ Example: v

7N Y

SN

X 4 xxz
*

challenger A f?

%

B simulator

+In language inclusion game: simulator wins, i.e. L(A) C L(B)
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Game-theoretic Characterization of
Incompleteness

+ Example: ;

AN E/\i
7 o ¥
.} R*% X

B simulator

%

challenger A X

+In language inclusion game: simulator wins, i.e. L(A) C L(B)

- In forward simulation game:
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Game-theoretic Characterization of
Incompleteness

-+ Example: \/

O/\i
\ / b c
vy T 1& P vy

challenger A A simulator

B

+In language inclusion game: simulator wins, i.e. L(A) C L(B)

- In forward simulation game:
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-+ Example: \/

/ O/\i
\ y o c
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challenger A A simulator

B

+In language inclusion game: simulator wins, i.e. L(A) C L(B)

- In forward simulation game:
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Game-theoretic Characterization of
Incompleteness

-+ Example: \/

/ O/\i
\ y o c
vy T 71& Vi vy

challenger A A simulator

B

+In language inclusion game: simulator wins, i.e. L(A) C L(B)

. In forward simulation game: challenger wins, i.e. A [Zp B
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Game-theoretic Characterization of
Incompleteness

+ Example: \/

ﬁ O/\/\O
\/ oS %
X T 71& 41 3

challenger A A simulator

B

intuition
l Earlier decision is a disadvantage l

Put forward the challenger’s decision => Simulator wins

Natsuki Urabe (Tokyo) 23



Forward Partial Execution Again

- Transformation of system
FX F'X

A A
one transition{ Tc TFe } one transition
)A( |_) FX

o A Initial state
initial state TS +c(®s £ + one transition
1

1

- FPE “increases” Kleisli simulations if applied to proper side

(Wcr B
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Summary of Preliminaries

Kleisli simulation is a categorical generalization of

simulation by Lynch & Vaandrager

Lynch & Vaandrager (1994) Hasuo (2006)

Fwd./Bwd. simulation by ] [ Kleisli simulation by

Systems represented

Non-det. automaton
a

a as a coalgebra

S cC —
categorical 1» X+ FX

generalization

Q b>y >/

25
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Summary of Preliminaries

Kleisli simulation is a categorical generalization of
simulation by Lynch & Vaandrager

By specialization, simulations for various systems are induced

Kleisli simulation is sound wrt. coalgebraic finite trace, hence
iInduced simulation is also sound wrt. finite trace.

Kleisli simulation can be “increased” by FPE
sound

Lynch & Vaandrager (1994) Hasuo (2006)

Fwd./Bwd. simulation by ] [ Kleisli simulation by

Systems represented ilistic automaton

as a coalgebra 1
a, b}

Non-det. automaton

a

S C -
categorical 1» X+ FX

generalization

Q b>y >/
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- Conclusion
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Infinite Trace

Finite trace =finite-length, linear-time behavior

(possibly) infinite-length,

nfinite tracé = i oar-time behavior

Example:
- L (A) =
Qb :> {b,ab,aabd,...}
> > >/
JU{aaa...}
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Coalgebraic Infinite Trace Semantics for

NOndeterm i n iStiC SyStem [Jacobs, '04]

- Infinite trace via weakly final coalgebra

Fx T ) 7y

A

C

weakly final coalgebra
A that admits
1 Jc<the largest homomorphism

tr°°—(c)

X 7> Z

A

KeP) 1

base category:

largest

/ }trw(c)Qszl—»Z

gives infinite trace semantics
Sets

28




Coalgebraic Infinite Trace Semantics for
Probabilistic system

- Infinite trace via weakly final coalgebra

to deal with

infinite words
I I e T e

ICe(G)

A

C

X

A

1

/ }tr“(c)@s:l—l—)Z
g

tr°°—(c)

largest

base category: Meas

FXWFZ

weakly final coalgebra \
A that admits
1 J<<the largest homomorphism

Z

Ives infinite trace semantics
< 29




Soundness wrt. Finite Trace

%d coalgebraic

FX <~ FYy FX —

i L e

Elf. X | U Y or —b. X b |
; L

SX ; )Zt S I

—

T ——

Fx -9 Fa< Y Ty

. Tc = . T’J - = Td

‘flnal coalgebra‘— P O P
C

v . A

- FPE increase simulation
Natsuki Urabe (Tokyo)

SPTTN
coalgebraic finite
trace inclusion 1

R ———

J simulation |
t
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Soundness wrt. Infintie Trace?

FX <4 FY FX —%—FY
c B, T fe = fa coalgebraic |
3f. x , y or db. X — >Y . :
_ simulation |
S — t S — T —
s 5 )
U?
tr>°(c) Ftr>(d) —
FXMMFZWMFY
Tc = #JC = Td ﬁ.r
weakly final [ ——w=¢ /v coalgebraic infinite

trace inclusion |

R TTTTTTTTTTT

C

e ; B

- FPE increase simulation?
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Fwd. & Bwd. Simulation for Infinite Trace

[Lynch & Vaandrager ’95]

For nondeterministic automaton, wrt. infinite trace,
-+ Forward simulation is sound
- Total & image-finite Backward simulation is sound
1’ _R_Ely/
/
R

A" p
forward simulation §

L*(A) C L= (B)

R , ﬁ infinite language inclusion

Y total
a C,,T + Ris]™@
R image-finite

A Y B
backward simulation 32




Kleisli Simulation for Infinite Trace: T = P

ForT = P,

328 1297 weakly final

eoc b

3 c | - Ftr c _ Ftre° _
J- x | Y Fx 0 Fr Y Ty
s = ¢ 1 ”

= +d

e S N CI R
fwd. Kleisli simulation

t

SK 1 )Z
e OB ﬁ infinite trace inclusion

G x b, Ly + {TY,ZCDb:Tx,z (totality)
s ) [ [(s:@b) = (] |9) @b (image-finiteness)

i€a i€a

bwd. Kleisli simulation

- F can be any polynomial funct. » various transition types!




Kleisli Simulation for Infinite Trace: T = G
For T = G,

Ff
F ? ad g weakly final
c C d
I = oo
5 x | Y Fx 20Tz Y Fy

e S N CI R
fwd. Kleisli simulation

b py @Eﬁ infinite trace inclusion
“+c E +4

3. b,y {TY1 ® b= Tx,1 (totality)
sgk ; )Zt

bwd. Kleisli simulation

- F can be any polynomial funct. » various transition types!




Forward Partial Execution (FPE)

FX F°X

TFec

Tc(©)s

- In finite trace setting, FPE “increases” simulation

FPE(X) _F y — X :tr y

X Cp FPE(Y) = X T, ¥

Thm(soundness):

CrY = FPE(X)Cr Y
s Y = X Cg FPE(Y)

X
Thm(adequacy): Py

35
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Forward Partial Execution (FPE)

FX

TC

1

F'X

| Fe
I ) FX

Tc(©)s

1

- In infinite trace setting, restricted bwd. sim. is not increased

Thm(soundness):

FPE(X)ErpY = X L

X L

® FPE(Y) = X L

CF y = FPE(X)

—tr y
—tr y

Thm (adeqUaCy ):, o oo A OO

Natsuki Urabe (Tokyo)
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Sufficient Conditions for Adequacy

- In infinite trace setting,

If ¥V satisfies

_ vy €Y. d(y) #0 ~ jnage-finite
For 1" =P { Vy € Y. d(y) is finite J >

For T =G, YyeY. [ pydd(y) =1
then

Thm(soundness):

XLCg)Y = FPE(X)LCg Y
XLCYY = XL FPE(Y)

Thm(adequacy):
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Overview

- Preliminaries: Kleisli Simulation for Finite Trace
- Kleisli Simulation for Infinite Trace

- Conclusion
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Summary of Results

- ForT =P and G, wrt. coalgebraic infinite trace,

Soundness adequacy
Soundness of FPE of FPE
Forward

Kleisli \/ \/ \/
Simulation
Backward \/ \/

Kleisli If the simulation is J if the simulating system
Simulation is “total” and is “total” and

“image-finite” “iImage-finite”

39
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Future Work

- Backward partial execution (BPE)
- For some systems, BPE is defined not coalgebraically

sound and adequate wrt. finite trace

26 Bee

how about wrt. infinite trace?

- Implementation & experiment
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