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The type of streams of elements of a type A is

AN Cao a az

This has a well known characterisation as a final coalgebra

A ox Axt via A A x A

a i Cao dat
ie cts for dat la 92,93
Baire topology

AnLAB stream processor is a map f A B

which is productive each B token of flat determined

by a finite initial segment of a

Q can we characterise stream processors as a final coalgebra



A1 Yes Sort of Hancock Pattinson Ghani 2009

An A B stream processing state machine is a set S of
states equipped with a coalgebra structure

A any branching
8 S Ta BTS Trees with leaves in BS

Each state of 15,8 encodes some productive AN 1B

Eg add 1 2 2 encoded by state c of S c z with

1 Z 10c
8 c I s

o
z

10,7 it

O I

y

The set of A B streamprocessors is the terminal A B
stream processing state machine IAB X Ta BA



But different states of Iapencidteethe same fu A B

Eg f 2 2 with flat 10.0.0 encoded by both

t I O t and t I
t
Y't in IAB

A2 Yes sort of me today

An A any magma is a set X Hw XA X 1st nothing

More generally have Aary magmas in any caty
w products

and A any comagmas icatyswcoprductxsxt.tt
Theorem The set of productive functions AN B underlies

the terminal B any comagma in the caty of A ary magmas
i only sortof a terminal coalgebra



Notions of computation
Moggi notions of computation as strong monads IT

E for us on Set
computations returning any elements of TCAa value in A

sequencing by composition in
monadic binding Kleisticaty KAT

Eg state stack non determinism probabilistic inputoutput

Plotkin
power

notions of computation as presentations of
strong monads

Eg monadTa for input from an alphabet A is generated

by the operation read e TA A and no equations byoperations
andequations

Yields computationslike read in read dm ntm e T IN



Models e comodels

Given a monad IT on Set can define ITmodels in any caty e
with products involves an object Xel Hw

we assume a

IoT X
A

A presentation

for each generating operation setCA satisfying equations

Eg Each TCA is a free I model in Set actually every
T model in Set is a quotient of a free one computations

up to

Eg A Ta model in C is Xel Hw I A X e A anymagma

A T comodel in E is a T model in Cop

Eg A Ta comodel in E is Xel Hw I X s.tt tXtt mgm



Comodels in Set
Power Shkaravska Plotkin Power Unstalu

set comodelsof IT as environments to evaluate IT computations

Eg a Ia comodel in Set is a state machine for answering
nextrequests for A tokens current

token read Yate
setof TS readySMF AESTStates

This induces a co interpretation for each computation teTa B

instate TED'S BETA finite

a 1 b ill a l c is
Eg DreadB be e 4 m freadlin read dm ntm b i is 9

C I b 5 c i c 9

Note the final Ta comodel in Smet is theset A of A streams



Residual comodels

Katsumata Rivas Uustala Ahman Bauer IT.IR
aremonads

An IR residual T comodel is a T comodel in KL IR

environments to translate
IR residual T comodels a

I computations into IR computations

An IR residual T comodel involves a set S of states and
computationgivingto S R AXS

initial state t t final state e returnvalue

for each generating reTCA plus equations

Eg a Ta residual ITB comodel is a set S of states Hw
8 S Ta Bts

i e an A B stream processing state machine
And the final residual comodel is IAB



The extent of an intensional stream processor

Abstractly IR comodelmin get
my

Set
M
Set

Kedar EI
Linton hastatu

IR residual it comodels am
Set

s
Set

1
Keat
EI

R

compose to get tensor product I comodel S M with state set SxM

The extent function of an A B streamprocessing state machines
is the unique IT comodel map

final comodels productive fu

tensorproductsAint lyassociated
to s

S a i fila



Bimodels

Freyd 1966 Tall Wraith Bergman Hausknecht

A TI IR bimodel is a T comodel in IR GodEet

This involves a set S with IR model structure plus

to S Stiff did and equations

if S is a free IR model this is just a IR residual T comodel

Actually any bimodel
is a quotientof a residual comodel by

some bisimulation

A bisimulation on a IR residual T comodel S is an

IR congruence n on S s t each to S R Axs

sends n congruent terms to n congruent ones



Stream processors as a final b model

Theorem The set of productive functions AN B underlies

the final TA T bimodel

quotientof final residual comodel Ia by largest bisimulation

Prof Have an adjunction in piggedby
Ta God Eet top

com del A

By a fantheorem argument the right adjoint preserves coproducts

So induce an adjunction

To CoxedTa GodEet IT Comed top

whose right adjoint sends the final comodel B to a

final bimodel Top A B I


