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Outline
• Overview

• Preorder-Constrained Simulation without up-to

• Preorder-Constrained Simulation with up-to

• Conclusion and Future Work
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Simulation
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• Step-wise formalization for behavioral inclusion

• Useful for proving trace inclusion

for behavioral equivalence:
bisimulation

L*(x) := ab* L*(y) := ab* + bb*

• Example:

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~b
<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a a
<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~ b

x

x′ y′ 

y

<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit> FF <latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>FF

b

⊆ PSPACE-complete

trace inclusion (language inclusion)
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Forward Simulation [Lynch & Vaandrager, ’95]
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x yR
a

x′ 

<latexit sha1_base64="6HFULV7Nb5sE+700nPSWc5cqi6o=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OlZQv0IjwULGcHaSN1BGEvM+bBccezLRq3q1ZBjO07drbo5qda9Cw+5RslRgRVaw/L7YBSTNKJCE46V6rtOov0MS80Ip/PSIFU0wWSKx7RvqMARVX62OHeOzowyQmazKaHRQv0+keFIqVkUmM4I64n67eXiX14/1WHDz5hIUk0FWS4KU450jPLf0YhJSjSfGYKJZOZWRCZYYqJNQiUTwten6H/SqdpuzXZvvUrzahVHEU7gFM7BhTo04QZa0AYCU3iAJ3i2EuvRerFel60FazVzDD9gvX0CzfeP5A==</latexit>

8 R y′ 

a

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
x yRA forward simulation from  to  

 is a relation  such that 
         

(c : X → $(Σ × X), F1 ⊆ X)
(d : Y → $(Σ × Y ), F2 ⊆ Y ) R ⊆ X × Y

Definition:

∀(x, y) ∈ R .
-   and 
-   

x ∈ F1 ⟹ y ∈ F2
∀(a, x′ ) ∈ c(x) . ∃y′  s.t. (a, y′ ) ∈ d(y) . x′ Ry′ 

in P

Theorem (soundness):
If  is a forward simulation,R

xRy ⟹ L*(x) ⊆ L*(y)

L*(x) := ab* L*(y) := ab* + bb*

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~b
<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a a
<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~ b

x

x′ y′ 

y

<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit> FF <latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>FF

b

⊆ PSPACE-complete

trace inclusion

R

R
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Various Simulation Notions
• Simulation up-to

• Weak Simulation

• Improvement

• Preorder-Constrained Simulation

5
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Simulation up-to & Weak Simulation

6

Simulation up-to
• Enhancement with prior knowledge on trace inclusion

x yR
a

x′ y′ 

a

R

L*(x) ⊆ L*(y)⟹

Weak simulation
• Simulation for systems with silent moves, e.g. c : X → $(({τ} + Σ) × X)

silent letter

Naive combination of weak and up-to is NOT sound

⟹
+,-./,τ(L*(x))

⊆ +,-./,τ(L*(y))
weak trace inclusion

x′ ′ 

L*(x′ ) ⊆ L*(x′ ′ )
y′ ′ 

L*(y′ ) ⊆ L*(y′ ′ )

x yR
a

x′ 
R y′ 

a
τ*

τ*

x yR
τ

x′ 
R y′ 

τ*

→ need special care, e.g. [Pous, ’05]
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Simulations in Program Semantics Literature

7

Improvement [Accattoli, Dal Lago & Vanoni, 2020]

• (Bi)simulation for comparing reduction lengths of λ-terms

special care required

≅ c : X → {τ} × X
variant of weak 
simulation

• Parameterized by a preorder  closed under additionQ ⊆ ℕ × ℕ
(i.e.  )iQi′ ∧ jQj′ ⟹ (i + j)Q(i′ + j′ )

x yR

x′ 

m > 0

y′ 

nmQn

Rx′ ′ y′ ′ 

Preorder-constrained simulation [Muroya, PhD thesis, 2020]
 (One-directional) improvement + up-to + generalization≅

(+ some restriction)

e →n w →
⟹ ∃n′ : nQn′ . e′ →n′ w′ →

• Automata-theoretically: for deterministic & unlabeled systems (c : X → X, F1 ⊆ X)

• Simulate multiple steps with multiple steps

x yR

Rx′ 

 stepsm > 0

y′ 

 stepsnm ≥ n

e →n w →
⟹ ∃n′ : n ≥ n′ . e′ →n′ w′ →

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9 <latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
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Preorder-constrained simulation 
for

nondeterministic automata

Theorem (soundness):

xRy ⟹
-trace inclusion 4 L*(x) ⪯4 L*(y)

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

• Parameterized by a preorder  
closed under concatenation 

4 ⊆ Σ* × Σ*
(i.e.  )w4w′ ∧ v4v′ ⟹ wv4w′ v′ 

Main Contribution

x y
R

x′ 
R y′ 

w4w′ w w′ 

x y
R

Rx′ 

m > 0

y′ 

nmQn• Parameterized by a preorder  
closed under addition

Q ⊆ ℕ × ℕ
(i.e.  )iQi′ ∧ jQj′ ⟹ (i + j)Q(i′ + j′ )
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Examples for -trace Inclusion4

9

• When w4w′ 
def⟺ w = w′ 

4-trace inclusion ⟺ L*(x) ⊆ L*(y)

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

(finite trace inclusion)

4 ⊆ Σ* × Σ*

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a

L*(x) = ab* L*(y) = ab* + bb*⊆

x y
a

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b
<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>FF

<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>

FF
b

• When w4w′ 
def⟺ w is a substring of w′ 

4-trace inclusion ⟺ ∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w is a substring of w′ 

(trace inclusion wrt. substring)

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a

L*(x) = ab*

x

L*(y) = abb*

y a <latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b
b

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

⪯4
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Examples for -trace Inclusion4

10

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 4 ⊆ Σ* × Σ*

L*(x) = {τ2, τ3, τ4, …} L*(y) = {τ, τ2, τ3, …}

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

τ <latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

• When  and Σ = {τ} w4w′ 
def⟺ |w | ≥ |w′ |

4-trace inclusion ⟺ min 7,89:;(x → ⋯ → ✓) ≥ min 7,89:;(y → ⋯ → ✓)
(compare minimum distance to accepting state)

⪯4

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a

L*(x) = ab*

x

L*(y) = aτb*

y a <latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b
τ

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

• When  and Σ = {τ} + Σ′ w4w′ 
def⟺ +,-./,τ(w) = +,-./,τ(w′ )

4-trace inclusion ⟺ +,-./,τ(L*(x)) ⊆ +,-./,τ(L*(y)) (weak trace inclusion)

⪯4

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

x y ττ
ττ

• And more (e.g. weighted automata)
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Outline
• Overview

• Preorder-Constrained Simulation without up-to

• Preorder-Constrained Simulation with up-to

• Conclusion and Future Work

11



Natsuki Urabe / 19

Towards Generalization
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 and  are quantified by 
 is quantified by 

w x′ ∀
|w | ∃

x y
R

Rx′ 

m > 0

y′ 

nmQn

preorder-constrained simulation
for deterministic & unlabeled systems

[Accattoli, Dal Lago & Vanoni, 2020] [Muroya, Phd thesis]

x y
R

x′ 
R y′ 

w4w′ w ≠ ε w′ 

preorder-constrained simulation
for nondeterministic automata

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9 <latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9

x y
R

a

x′ 
R y′ 

a

forward simulation
for nondeterministic automata

[Lynch & Vaandrager, ‘95]
<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9<latexit sha1_base64="6HFULV7Nb5sE+700nPSWc5cqi6o=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OlZQv0IjwULGcHaSN1BGEvM+bBccezLRq3q1ZBjO07drbo5qda9Cw+5RslRgRVaw/L7YBSTNKJCE46V6rtOov0MS80Ip/PSIFU0wWSKx7RvqMARVX62OHeOzowyQmazKaHRQv0+keFIqVkUmM4I64n67eXiX14/1WHDz5hIUk0FWS4KU450jPLf0YhJSjSfGYKJZOZWRCZYYqJNQiUTwten6H/SqdpuzXZvvUrzahVHEU7gFM7BhTo04QZa0AYCU3iAJ3i2EuvRerFel60FazVzDD9gvX0CzfeP5A==</latexit>

8

+
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Main Result: 
Preorder-Constrained Simulation for Nondeterministic Automata

13

Let  be a preorder. A -constrained simulation from 
 to  is  s.t.

4 ⊆ Σ* × Σ* 4
(c : X → $(Σ × X), F1 ⊆ X) (d : Y → $(Σ × Y ), F2 ⊆ Y ) R ⊆ X × Y

Definition:

∀(x, y) ∈ R .

- ∀a1…an ∈ Σ* . ∀x1…xn ∈ X*1 . x a1 x1
a2 ⋯ an xn ∈ F1

⟹ ∃k ∈ {1,…, n} . ∃w′ ∈ Σ* . a1…ak4w′ , y w′ * y′ and xkRy′ 

x y
R

ε4w′ 

x y
R

R

w[x→x′ ′ ]4w′ 

y′ 

w′ 

Theorem (soundness):

xRy ⟹
∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

When  is closed under concatenation,4

w
<latexit sha1_base64="6HFULV7Nb5sE+700nPSWc5cqi6o=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OlZQv0IjwULGcHaSN1BGEvM+bBccezLRq3q1ZBjO07drbo5qda9Cw+5RslRgRVaw/L7YBSTNKJCE46V6rtOov0MS80Ip/PSIFU0wWSKx7RvqMARVX62OHeOzowyQmazKaHRQv0+keFIqVkUmM4I64n67eXiX14/1WHDz5hIUk0FWS4KU450jPLf0YhJSjSfGYKJZOZWRCZYYqJNQiUTwten6H/SqdpuzXZvvUrzahVHEU7gFM7BhTo04QZa0AYCU3iAJ3i2EuvRerFel60FazVzDD9gvX0CzfeP5A==</latexit>

8

xn

y′ 

w′ 

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
xk

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9

- x ∈ F1 ⟹ ∃w′ ∈ Σ* . ε4w′ , y w′ * y′ ∈ F2
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Characterization as Safety Game

14

S∀ := {✓} + Σ* × X × Y (state space for Challenger)

S∃ := {7?@:_:A+8} × Σ* × X × Y + Σ+ × X × Y (state space for Simulator)

 is given by:→∀ ⊆ S∀ × S∃

 is given by:→∃ ⊆ S∃ × S∀

{((w, x, y), (wa, x′ , y)) ∣ x a x′ }
choose successor state and enqueue

∪ {((w, x, y), (7?@:_:A+8, w, x, y)) ∣ x ∈ F1}
declare “last turn” (possible when  is accepting)x

queue

{((w, x′ , y), (w, x′ , y))}
pass the turn

∪ {((w, x′ , y), (ε, x′ , y′ )) ∣ y w′ * y′ , w4w′ }
dequeue all, and move

∪ {((7?@:_:A+8, w, x, y), ✓) ∣ y w′ * y′ ∈ F2, w4w′ }
reach accepting state, and win the game

Conjecture:
Simulator is winning from (ε, x, y) ⟺

 for some -constrained simulation(x, y) ∈ R 4

• Simulator loses iff it gets stuck (i.e. infinite play is winning)
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Outline
• Overview

• Preorder-Constrained Simulation without up-to

• Preorder-Constrained Simulation with up-to

• Conclusion and Future Work

15
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Preorder-Constrained Simulation with up-to

Let . A -constrained simulation up-to   
from  to  is  s.t.

4 ⊆ Σ* × Σ* 4 (R1 ⊆ X × X, R2 ⊆ Y × Y )
(c : X → $(Σ × X), F1 ⊆ X) (d : Y → $(Σ × Y ), F2 ⊆ Y ) R ⊆ X × Y

Definition:

∀(x, y) ∈ R .

x y
R

x′ 
R y′ 

w w′ 

x′ ′ y′ ′ 

R1 R2

Theorem (soundness):

xRy ⟹
∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

When  is closed under concatenation,   
 and  imply -trace inclusion, and    
 implies -trace inclusion, 

4
xR1x′ yR2y′ 4
xR1x′ ( | ⋅ | ≥ | ⋅ | )

-tr. incl.4 -tr. incl.4
+

-tr. incl.( | ⋅ | ≥ | ⋅ | )

for safely combining weak & up-to
16

- ∀a1…an ∈ Σ* . ∀x1…xn ∈ X*1 . x a1 x1
a2 ⋯ an xn ∈ F1

⟹ ∃k ∈ {1,…, n} . ∃w′ ∈ Σ* . a1…ak4w′ , y w′ * y′ and xkR1RR2y′ 

- x ∈ F1 ⟹ ∃w′ ∈ Σ* . ε4w′ , y w′ * y′ ∈ F2

w[x→x′ ]4w′ 
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Outline
• Overview

• Preorder-Constrained Simulation without up-to

• Preorder-Constrained Simulation with up-to

• Conclusion and Future Work

17
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Conclusion

18

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

• New simulation notion for witnessing -trace inclusion4

• Enhancement with up-to

x y
R

ε4w′ 

x y
R

R

w[x→x′ ′ ]4w′ 

y′ 

w′ w
<latexit sha1_base64="6HFULV7Nb5sE+700nPSWc5cqi6o=">AAAB7nicdVBNS8NAEJ3Ur1q/qh69LBbBU0hqaOut6MVjBfsBbSib7aZdutmE3Y1QQn+EFw+KePX3ePPfuGkrqOiDgcd7M8zMCxLOlHacD6uwtr6xuVXcLu3s7u0flA+POipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNpte5372nUrFY3OlZQv0IjwULGcHaSN1BGEvM+bBccezLRq3q1ZBjO07drbo5qda9Cw+5RslRgRVaw/L7YBSTNKJCE46V6rtOov0MS80Ip/PSIFU0wWSKx7RvqMARVX62OHeOzowyQmazKaHRQv0+keFIqVkUmM4I64n67eXiX14/1WHDz5hIUk0FWS4KU450jPLf0YhJSjSfGYKJZOZWRCZYYqJNQiUTwten6H/SqdpuzXZvvUrzahVHEU7gFM7BhTo04QZa0AYCU3iAJ3i2EuvRerFel60FazVzDD9gvX0CzfeP5A==</latexit>

8

x′ 

y′ 

w′ 

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
x′ ′ 

<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
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Future Directions

19

• Extension to infinitary trace inclusion

• Relaxing condition in up-to
Theorem (soundness):

xRy ⟹ ∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

When  is closed under concatenation,   
 and  imply -trace inclusion, and    
 implies -trace inclusion, 

4
xR1x′ yR2y′ 4
xR1x′ ( | ⋅ | ≥ | ⋅ | )

Conjecture:
finitely many violation is ok

• Coalgebraic characterization
- Coalgebraic simulation: [Hughes & Jacobs, ’04] [Hasuo, ’06]
- Coalgebraic simulation with queues: [U. & Hasuo, ’14]
- Coalgebraic bisimulation up-to: [Rot, Bonsangue & Rutten, ‘13]



Addenda
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Addendum I: Buffered Simulation

22

Theorem (soundness):
If  is a forward simulation,R

xRy ⟹ L*(x) ⊆ L*(y)
⟸

incomplete

<latexit sha1_base64="m8hEI++V4RSs92uyZi+zeMZkSmY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMFW4ttKJvtpF2yuwm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ndLK6tr6RnmzsrW9s7tX3T9o6yRTFFs04YnqhEQjZxJbhhmOnVQhESHHhzC+mfoPT6g0S+S9GacYCDKULGKUGCs99ugIaSyIivvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCY3JELuWSiJQB/ns4ol7YpWBGyXKljTuTP09kROh9ViEtlMQM9KL3lT8z+tmJroKcibTzKCk80VRxl2TuNP33QFTSA0fW0KoYvZWl46IItTYkCo2BH/x5WXSPqv7F3X/7rzWuC7iKMMRHMMp+HAJDbiFJrSAgoRneIU3RzsvzrvzMW8tOcXMIfyB8/kDqDqQ6Q==</latexit>X <latexit sha1_base64="m8hEI++V4RSs92uyZi+zeMZkSmY=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rHoxWMFW4ttKJvtpF2yuwm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTDnTxvO+ndLK6tr6RnmzsrW9s7tX3T9o6yRTFFs04YnqhEQjZxJbhhmOnVQhESHHhzC+mfoPT6g0S+S9GacYCDKULGKUGCs99ugIaSyIivvVmlf3ZnCXiV+QGhRo9qtfvUFCM4HSUE607vpeaoKcKMMox0mll2lMCY3JELuWSiJQB/ns4ol7YpWBGyXKljTuTP09kROh9ViEtlMQM9KL3lT8z+tmJroKcibTzKCk80VRxl2TuNP33QFTSA0fW0KoYvZWl46IItTYkCo2BH/x5WXSPqv7F3X/7rzWuC7iKMMRHMMp+HAJDbiFJrSAgoRneIU3RzsvzrvzMW8tOcXMIfyB8/kDqDqQ6Q==</latexit>X

• Simulation with queueing (buffering) is used for fixing incompleteness
- e.g. [Hutagalung, Lange & Lozes, AFL 2014] for Büchi automata

a

b c

a a

b c
• , but 

no forward simulation can prove it
L*(x) = L*(y) = {ab, ac}

x y
• However, it does exist if buffering 

is allowed

• Preorder-constrained simulation also has this property
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Addendum II: Categorical Buffered Simulation

23

• Kleisli Simulation [Hasuo, ’06]

- System as a coalgebra in Kleisli category

   in   whose homsets are order-enrichedc : X → FX Fℓ(T )

- Simulation as an oplax homomorphism
<latexit sha1_base64="2NFaBM/5cuC7CQV/+BCFjIfB1Iw="></latexit>

FX FY
Ff
oo

X

c

OO

Y

d

OO

f
oo

in  Fℓ(T )⊑  : lifting of  F : Fℓ(T ) → Fℓ(T ) F

e.g. when , F = 1 + Σ × ( ⋅ ) FnX = ⋃i≤n Σi × X- Essentially the same as buffering one step

in  Fℓ(T )⊑=

<latexit sha1_base64="jzlsSGsXUM0eCdVtYEQ3B9Ubzqc="></latexit>

Fn+1X · · ·F
n
c

oo FX
Fc
oo FY

Ff
oo

FnX

F
n
c

OO

· · ·
F

n�1
c

oo X

c

OO

c
oo Y

d

OO

f
oo

• Forward partial execution [U. & Hasuo, ’14]
<latexit sha1_base64="MVmZ6Wv0m88Csx+1GqQOywNQcmA=">AAACHXicbVDLSsNAFJ3UV42vqEtBBovgqiQi6rIoiMsK9gFJLJPppB06mYSZiTSE7vwP9271F9yJW/EP/AynaRe29cAMh3PuvXPnBAmjUtn2t1FaWl5ZXSuvmxubW9s71u5eU8apwKSBYxaLdoAkYZSThqKKkXYiCIoCRlrB4Hrstx6JkDTm9ypLiB+hHqchxUhpqWMdesMsQkrQYW7etKHnmfpCwk39BwxHZseq2FW7AFwkzpRUwBT1jvXjdWOcRoQrzJCUrmMnys+RUBQzMjK9VJIE4QHqEVdTjiIi/bz4xwgea6ULw1jowxUs1L8dOYqkzKJAV+qd+3LeG4v/eW6qwks/pzxJFeF48lCYMqhiOA4FdqkgWLFME4QF1btC3EcCYaWjM2dGIcb8fJgV0TjzQSyS5mnVOa86d2eV2tU0pDI4AEfgBDjgAtTALaiDBsDgCbyAV/BmPBvvxofxOSktGdOefTAD4+sXBrKg5w==</latexit>

FX

X

c

OO

↦
<latexit sha1_base64="EjPBP2d6AByTRtYzA7Gwo1U8oRg="></latexit>

Fn+1X

FnX

F
n
c

OO

in  Fℓ(T )
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Addendum III: Unsound Weak Simulation up-to
[Sangiorgi & Milner, ’92]

24

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

τ

x yR
a

x′ y′ 

a

Rx′ ′ 

L*(x′ ) ⊆ L*(x′ ′ )
y′ ′ 

L*(y′ ) ⊆ L*(y′ ′ )

{ε}

{ε}

∅

⊆

x yR
τ

x′ 
R y′ 

τ*

⊆

R
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Addendum IV: Towards Computation
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• Conjecture: preorder-constrained simulation is not only sound but also 
complete

Conjecture (completeness):

xRy ⟸ ∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 

When  is closed under concatenation,  4
Hard to compute 

• We may have to finitely restrict the size of queue
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S∀ := {✓}+⋃i≤M Σi × X × Y

S∃ := {7?@:_:A+8} × ⋃i≤M Σi × X × Y+⋃1<i≤M Σi × X × Y

 is given by:→∀ ⊆ S∀ × S∃

 is given by:→∃ ⊆ S∃ × S∀

{((w, x, y), (wa, x′ , y)) ∣ x a x′ } ∪ {((w, x, y), (7?@:_:A+8, w, x, y)) ∣ x ∈ F1}

queue of size M

{((w, x′ , y), (w, x′ , y)) ∣ |w | < M}
pass the turn when queue is not full

∪ {((w, x′ , y), (ε, x′ , y′ )) ∣ y w′ * y′ , w4w′ }
∪ {((7?@:_:A+8, w, x, y), ✓) ∣ y w′ * y′ ∈ F2, w4w′ }

26

Addendum IV: Towards Computation

• When  is fixed, solvable in polynomial timeM
• Bigger  → more simulations & higher time complexityM
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Addendum V: Examples for -trace Inclusion4

27

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 4 ⊆ Σ* × Σ*

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b
<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

a

L*(x) = ab*

x

⪯4

• When  and Σ = {τ} + Σ′ w4w′ 
def⟺ +,-./,τ(w) = +,-./,τ(w′ ) and |w | ≥ |w′ |

4-trace inclusion ⟺ ∀w ∈ L*(x) . ∃w′ ∈ L*(y) . +,-./,τ(w) = +,-./,τ(w′ ) and |w | ≥ |w′ |
(weak trace inclusion & compare distance to accepting state)

L*(y) = aτb*

ya <latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

b
τ

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

• When  and Σ = $ℝm a1…ak4a′ 1…a′ k′ 

def⟺ k = k′ and ∀i . ai ⊆ a′ i
4-trace inclusion ⟺ ∀a1…ak ∈ L*(x) . ∃a′ 1…a′ k ∈ L*(y) . ∀i . ai ⊆ a′ i(letter-wise inclusion)

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

⟨ |x | + |y | ≤ 1⟩

L*(x) = ⟨ |x | + |y | ≤ 1⟩⟨ |x | + |y | ≤ 1⟩*

x

⟨ |x | + |y | ≤ 1⟩

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

⟨x2 + y2 ≤ 1⟩

L*(x) = ⟨x2 + y2 ≤ 1⟩⟨x2 + y2 ≤ 1⟩*

y

⟨x2 + y2 ≤ 1⟩

⪯4
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Addendum V: Examples for -trace Inclusion4

28

∀w ∈ L*(x) . ∃w′ ∈ L*(y) . w4w′ 4 ⊆ Σ* × Σ*

⪯4

• When  and Σ = Σ′ × ℕ
(a1, n1)…(ak, nk)4(a′ 1, n′ 1)…(a′ k′ , n′ k′ )

def⟺ k = k′ , a1…ak = a′ 1…a′ k′ and ∑i ni ≥ ∑j n′ j

(quantitative language inclusion)

4-trace inclusion ⟺ ∀a1…ak ∈ Σ′ * . minx
a1,n1⋯ak,nk✓ ∑i ni ≥ min

y
a′ 1,n1⋯a′ k,nk✓

∑i n′ i

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~
(b,1)

<latexit sha1_base64="uNePNANcWGe9b+/u5UHtOnKeaTw=">AAACGnicbVC7TsMwFHXKq4RXgLGLRYXEVCUIAWMFC2OR6ENKospx3daq40S2gxpFGfgPdlb4BTbEysIf8Bm4aQbacqQrHZ1zr33vCWJGpbLtb6Oytr6xuVXdNnd29/YPrMOjjowSgUkbRywSvQBJwignbUUVI71YEBQGjHSDye3M7z4SIWnEH1QaEz9EI06HFCOlpb5V86ZpiJSg0yzLPc/Mcugh4SY+zM2+VbcbdgG4SpyS1EGJVt/68QYRTkLCFWZIStexY+VnSCiKGclNL5EkRniCRsTVlKOQSD8rjsjhqVYGcBgJXVzBQv07kaFQyjQMdKdeeCyXvZn4n+cmanjtZ5THiSIczz8aJgyqCM4SgQMqCFYs1QRhQfWuEI+RQFjp3MyFpxBjfjZNi2ic5SBWSee84Vw2nPuLevOmDKkKauAEnAEHXIEmuAMt0AYYPIEX8ArejGfj3fgwPuetFaOcOQYLML5+AaDWoNg=</latexit>

OO

(a,2)

L*(x) = (a,2)(b,1)* L*(y) = (a,1)(b,1)* + (b,3)(b,1)*

x y
(a,1)

<latexit sha1_base64="Y5nHKiHapo4kjpE5+jdN55LHGdU=">AAACG3icbVDLSsNAFJ3UV42vqEtdDBahgpRERF0W3bisYB/QhDKZTNqhkwczE2kI2fgf7t3qL7gTty78Az/DaZqFrR64cDjn3pl7jxszKqRpfmmVpeWV1bXqur6xubW9Y+zudUSUcEzaOGIR77lIEEZD0pZUMtKLOUGBy0jXHd9M/e4D4YJG4b1MY+IEaBhSn2IklTQwDu1JGiDJ6STTsxzaiDfrHj9N+AnM9YFRMxtmAfiXWCWpgRKtgfFtexFOAhJKzJAQfcuMpZMhLilmJNftRJAY4TEakr6iIQqIcLLiihweK8WDfsRVhRIW6u+JDAVCpIGrOtXGI7HoTcX/vH4i/Ssno2GcSBLi2Ud+wqCM4DQS6FFOsGSpIghzqnaFeIQ4wlIFp889hRhzsklaRGMtBvGXdM4a1kXDujuvNa/LkKrgAByBOrDAJWiCW9ACbYDBI3gGL+BVe9LetHftY9Za0cqZfTAH7fMHKdigfw==</latexit>

~~

(b,1)

<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>FF

<latexit sha1_base64="AxuTOMWEQVCTn2+bnIazEruAngI=">AAACIXicbVC7TsMwFHXKq4RXgJHFaoXE1CYVAsYKFsYi0YeUhMpx3daqnUS2gxpF2fkPdlb4BTbEhvgBPgP3MdCWI13p6Jx77XtPEDMqlW1/GYW19Y3NreK2ubO7t39gHR61ZJQITJo4YpHoBEgSRkPSVFQx0okFQTxgpB2MbiZ++5EISaPwXqUx8TkahLRPMVJa6lolb5xypAQdZ1nueWaWQw+JevWhxnnVTXyYm12rbFfsKeAqceakDOZodK0frxfhhJNQYYakdB07Vn6GhKKYkdz0EklihEdoQFxNQ8SJ9LPpLTk81UoP9iOhK1Rwqv6dyBCXMuWB7tR7D+WyNxH/89xE9a/8jIZxokiIZx/1EwZVBCfBwB4VBCuWaoKwoHpXiIdIIKx0fObCU4gxPxun02ic5SBWSatWcS4qzt15uX49D6kITkAJnAEHXII6uAUN0AQYPIEX8ArejGfj3fgwPmetBWM+cwwWYHz/AjO4oyY=</latexit>

FF
(b,3)

a ↦ 2
ab ↦ 3

abb ↦ 4
⋮

a ↦ 1
ab ↦ 2

abb ↦ 3
⋮

b ↦ 3
bb ↦ 4

bbb ↦ 5
⋮
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Addendum VI: 
Preorder-Constrained Simulation for Deterministic Unlabeled Systems

[M., PhD thesis]

29

x y
R

R

Let  be a preorder. A -constrained simulation from 
 to  is a relation  such that

Q ⊆ ℕ × ℕ Q
(c : X → X, F1 ⊆ X) (d : Y → Y, F2 ⊆ Y ) R ⊆ X × Y

Definition (when no deadend):

∀(x, y) ∈ R . -  
-  

x ∈ F1 ⟹ y ∈ F2

x yR

• Goal: generalization to nondeterministic automata

∃m > 0,n ∈ ℕ . x → ⋯ →
m

x′ ′ , y → ⋯ →
n

y′ , x′ ′ Ry′ and mQn

x′ ′ 
<latexit sha1_base64="3PLc1tU1/6K+x6Auf8dQUsjvvR8=">AAAB7nicdVDJSgNBEK2JW4xb1KOXxiB4Ct1BstyCXjxGMAskQ+jp9CRNeha6e8Qw5CO8eFDEq9/jzb+xJ4mgog8KHu9VUVXPi6XQBuMPJ7e2vrG5ld8u7Ozu7R8UD486OkoU420WyUj1PKq5FCFvG2Ek78WK08CTvOtNrzK/e8eVFlF4a2YxdwM6DoUvGDVW6g74vd2hh8USLmOMCSEoI6RWxZY0GvUKqSOSWRYlWKE1LL4PRhFLAh4aJqnWfYJj46ZUGcEknxcGieYxZVM65n1LQxpw7aaLc+fozCoj5EfKVmjQQv0+kdJA61ng2c6Amon+7WXiX14/MX7dTUUYJ4aHbLnITyQyEcp+RyOhODNyZgllSthbEZtQRZmxCRVsCF+fov9Jp1Im1TK5uSg1L1dx5OEETuEcCNSgCdfQgjYwmMIDPMGzEzuPzovzumzNOauZY/gB5+0T646P+A==</latexit>

9
m > 0

y′ 

n
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Addendum VII: Verification via Behavioral Inclusion
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let _ = 
  let x = 1 in
  let y = 2 in
  …

program

010100101111
1100110101…

output

⊧ φ
?

let _ = 
  let x = 1 in
  let y = 2 in
  …

011100100111
1000100111… ⊧ φ

⊆
behavioral 
inclusion

• Behavioral inclusion between nondeterministic automata 
- Two formalizations: trace inclusion and simulation


